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1. Introduction 



Let X C C"+^ (resp. V C P"+^) be an algebraic hypersurface and set Mx = C"+^ \ X 
(resp. My = P"+^ \ V) where we suppose n > 0. The study of the topology of X, V and 
of their complements Mx-, My is a classical subject going back to Zariski. In a sequence of 
papers Libgober has introduced and studied the Alexander invariants associated to X, V ., 
see for instance [LiO-3]. 

In the affine case, let / = be a reduced equation for X. One can use the results on 
the topology of polynomial functions, see for instance [B], [ACD], [NZ], [SiT], to study the 
topology of the complements Mx, as in the recent paper by Libgober and Tibar [LiT]. 

By taking generic linear sections and using the (affine) Lefschetz theory, see for instance 
Hamm [H] (and [Li2], [LiT], [Dl] for different applications), one can restrict this study 
to hypersurfaces X having only isolated singularities including at infinity, see [Li2], or in 
the polynomial framework, to polynomials having only isolated singularities including at 
infinity with respect to a compactification as in [SiT]. Simple examples show that neither 
of these two restricted situations is a special case of the other, hence both points of view 
have their advantages. However, the polynomial point of view embraces larger classes of 
examples due to the fact that the best compactification of a polynomial function is not 
usually obtained by passing from the affine space C""*"^ to the projective space P"+^. This 
is amply explained in [LiT]. 

In the present paper we consider an arbitrary polynomial map / (whose generic fiber is 
connected) and we study the Alexander invariants of Mx for any fiber X of /. 

The article has two major messages. First, the most important qualitative properties 



of the Alexander modules (cf. |4.5| , 5.2 , 5.4 and |6.9D are completely independent of the 
behaviour of / at infinity, or about the special fibers. (On the other hand, for particular 
families of polynomial maps with some additional information about the special fibers or 
about the behaviour at infinity, one can obtain nice vanishing or connectivity results; see 
e.g. our case of h-good polynomials below). 

The second message is that all the Alexander invariants of all the fibers of the polynomial 
/ are closely related to the monodromy representation of /. In fact, all the torsion parts of 
the Alexander modules (associated with all the possible fibers) can be obtained by factor- 
ization of a unique universal Alexander module, which is constructed from the monodromy 
representation. This explains nicely and conceptually all the divisibility properties that 
have appeared recently in the literature connecting the Alexander polynomials of Mx and 
the characteristic polynomials of some special monodromy operators, see [Li2] and [LiT]. 
[Note that the monodromy considered by Libgober in [Li2], section 2, is associated to a 
Lefschetz pencil and hence quite different from our monodromy associated to an arbitrary 
polynomial.] 

Nevertheless, in order to exemplify our general theory, and also to generalize some con- 
nectivity results already present in the literature, we introduce the family of h-good poly- 
nomials. The family includes e.g. all the "good" polynomials considered by Neumann and 
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Rudolph [NR], and the polynomials with isolated singularities on the affine space and at 
infinity in the sense of Siersma-Tibar [SiT] . This family of h-good polynomials fits perfectly 
to the study of Alexander invariants, and it is our major source of examples. For different 
vanishing and connectivity results, see 2.7, |2.1C , 2.11 and |4.5| (v). 

The content of our paper is the following. In section 2 we establish some properties of 
the corresponding fundamental groups which basically will guide all the covering properties 
considered later. Moreover, here we introduce and start to discuss the h-good polynomials. 
In section 3 we discuss some general facts on the homology groups H^{Mx,'^) concentrating 
on non- vanishing results for Hn{Mx,'^) and on Z-torsion problems. This latter aspect was 
somewhat neglected recently in spite of the pioneering work by Libgober [LiO] and a famous 
conjecture on hyperplane arrangement Milnor fibers (see 3.10] ). 

In section 4 we collect some facts on (torsion) Alexander modules and prove one of the 



main results, Theorem 4.5. In order to emphasize the parallelism of h-good polynomials 
with the case of hypersurfaces with only isolated singularities including at infinity considered 
by Libgober, in some of our applications we recall Libgober's results [Li2] as well. 

In the fifth section we explain the relationship between individual monodromy operators 
and Alexander modules. The two main examples, i.e. the monodromy at infinity and the 
monodromy around the fiber X are discussed with special care. These two monodromy 
operators have been intensively studied recently using various techniques (mixed Hodge 
structures, D-modules), see the references given in section 5. Via our results, all this infor- 
mation on the monodromy operators yields valuable information on Alexander invariants of 
Mx- Remark |5.9| relates the homology of the cyclic coverings Mx^d to the d-suspension of 
the polynomial / and in this way the results on the Thom-Sebastiani construction in [DN2] 
become applicable. 

Section 6 introduces into the picture not only individual monodromy operators but also 
the whole monodromy representation of /. We define two new Alexander modules associated 
to /, namely the global Alexander module M[f) which can be regarded as a commutative 
version of the monodromy representation, and a local Alexander module M(/, h) associated 
to any fiber X = f~^{b). This module M{f,h) gives a very good approximation of the 
classical Alexander module H^:{M^, 7j) of X (see below for the necessary definitions). 

As a convincing example of the power of this new approach, we compute at the end 
the various Alexander modules for a polynomial — > C for which a partial information 
on the monodromy representation is known. This examples shows in particular that the 
isomorphism M{f,b) = Hn{M^,Z) does not always hold. 

We thank D. Arapura, A. Libgober, C. Sabbah and A. Suciu for useful discussions. 



2. Topological preliminaries, connectivity properties 

2.1. Let / : C"^^ — > C be a polynomial function with n > I. It is well known that there is 
a (minimal) finite bifurcation set Bf in C such that / is a C°°-locally trivial fibration over 
C \ Bf. If 6o G C is not in Bj, then F = f~^{bo) is called the generic fiber of /; otherwise 
Fh := f^^{b) is called a special fiber. 

For any 6 € C we fix a sufficiently small closed disc containing 6, and a point b' G dD^. 
We set Tfe := f~^{Di,), := T;, \ f~^{b). Sometimes, it is convenient to identify f^^{b') 
with the generic fiber F. Then, we have the obvious inclusions F CT^ C T^. 

By a well-known deformation retract argument (see e.g. (2.3) in [DNl]), the pair (C"^"'^, F) 
has the homotopy type of the space (y, F) obtained by gluing all the pairs (T^, F) {b £ Bj) 



3 



along F. We denote this fact by 

{C^^\F)^\l{n,F) (beBf). (1) 

F 

2.2. Proposition. Let f : C^^^ C be a polynomial map. Then the generic fiber F is 
connected if and only if ■ki[Ti),F) is trivial for any b G Bj. 

Proof If 7ri{Tb,F) = 1 for all b, then Ho{F) = Fi(C"+\F) = ®b^BfHi{Tb, F) = by 
(1). Now, assume that F is connected and fix a 6 G Bf. Then we have to show that 
j : vri(F) 7ri{Ti,) is onto. Since Tf, is smooth and C Tf, has real codimension two, 

one obtains that i : iTi{Tj^) — > -Ki{Tb) is onto. Since / restricted to is a fiber bundle, 
the kernel of : 7ri(r^*) ^ Z is vri(F). Assume that f~^{b) has r irreducible components, 
and f — b = 111=1 oT"^ • Then one can construct easily elementary loops in around the 
component {gi = 0} representing Xi G -nilT^) with properties fif{xi) = mi and i{xi) = 1. 
Set m := gcdi{mi}. Then a combination of the Xj's provides an x G 7Ti{T^) with = m 

and i{x) = 1. The point is that m = 1 (otherwise f — b would be an m-power of a polynomial 
whose generic fiber is not connected). The existence of such an x and the surjectivity of i 
implies the surjectivity of j. □ 

In the next paragraphs we fix a 6 G Bj, and we write X := f^^ib) and Mx '■= C^^^ \X. 
For simplicity of the notations, we will assume that 6 = 0. 

2.3. Corollary. Assume that F is connected. Then 

(i) 7ri(TQ) TTi{Mx) (induced by the inclusion) is onto. 

(a) 7ri(F) TTi{Mx) Z — > (1) is an exact sequence (i.e. im{ix) = ker{f^)), where 
ix is induced by the inclusion F C Mx, and by f : Mx C* . 

Proof. Similarly as in (1), Mx has the homotopy type of a space obtained by gluing Tq and 
all the "tubes" (6 G Bf \ {0}) along F. Then (i) follows from van Kampen theorem and 
from the surjectivity of tti{F) — > 7ri(T5) for each b (cf. |2.2| ). Part (ii) follows from (i) and 
the exact sequence t^i{F) — > 7ri(rQ*) — > Z — > (1). □ 

Let p : F — > Mx be the Z-cyclic covering associated to the kernel of the morphism 
/* : 7ri(Mx) Z. The notation F is chosen because 

(i) F is the homotopy fiber of / : Mx — > C*, regarded as a homotopy fibration; and 

(ii) in many cases the topology of F is a good approximation for the topology of F (see 
e.g. the connectivity results below). 

Fix a base-point * G F with p{*) G F. Since f{F) is a point, there is a natural section 
s : F ^ ¥ oi p above F with s{p{*)) = *. In particular, we can regard F as a subspace of 
F. 

2.4. Corollary. Assume that F is connected. Then s* : 7ri(i^) — )• 7ri(F) is onto, or equiv- 
alently, 7ri(F,F) is trivial. 

Proof. Compare the exact sequences (1) — > i:i{F) —> i:i{Tq) — > Z ^ (1) and (1) — > 7ri(F) 



7ri(Mx) ^Z^ (1) via|j. □ 



Fix an orientation of S"^, and consider a smooth loop 7 : 5^ C\ Bj. Denote by 
q ■■ 7"H/) ^ the pull-back of / by 7, i.e. -f'Hf) = {(.t,x) G 5^ x C"+i : -f{t) = /(x)}, 
and q{t, x) = t. 



4 



2.5. Corollary. Assume that 7* : 7ri(S'^) — > 7ri(C*) (i.e. 7* : Z ^ is multiplication 
by an integer i. Then one has the following commutative diagram with all the lines and 
columns exact: 



(1)- 


vri(F) - 


- vri(7-H/)) - 


Z 


-(1 




i 


i 


i 




(1)- 


vri(F) - 




z 


-(1 




i 


i 


I 






(1) - 


-> Z/£Z 
i 

(1) 


Z/iZ - 

i 

(1) 


-(1 



Proof. The first two lines are the homotopy exact sequences of the corresponding fibrations. 



Then use 2.4. □ 



Sometimes it is convenient to work with special polynomials with nice behaviour around 
the special fibers or at infinity. First, we recall the definition of Neumann and Rudolph of 
good polynomials [NR]. A fiber f~^{b) is called "regular at infinity" if there exist a small 
disc D containing b and a compact set K such that the restriction of / to f~^{D) \ K is 
a trivial C°°-fibration. The polynomial / is called good (or "topologically good") if all its 
fibers are regular at infinity. 

For example, the tame polynomials introduced by Broughton [B], the larger class of M- 
tame polynomials introduced by Nemethi-Zaharia [NZ] are good. We recall that any fiber 
of a good polynomial is a bouquet of spheres 5", Bj is the set of critical values of /, for 
any b € Bf the "tube" Tj, has the homotopy type of f^^{b), and f~^{b) (homotopically) is 
obtained from F by attaching some cells of dimension n + 1. 

For the purpose of the present paper it is enough (and it is more natural) a much weaker 
assumption. 



2.6. Definition. The polynomial / is called "homotopically good" (h-good) if for any 
b G Bf, the pair (T{,,F) is n-connected. 

From the above discussion it follows easily that all the good polynomials are h-good. 
Another example is provided by the polynomials with isolated singularities on the affine 
space and at infinity in the sense of Siersma-Tibar [SiT] (see p. 776 [loc. cit.]). 

In general, for an arbitrary polynomial, it is much easier to handle the properties of the 
generic fiber and the "tubes" Ti, than the properties of the special fibers (see e.g. [DN2]). 
One of the advantages of the above definition |2.6| is that it requires information only about 
F and T^s. (Conversely, this fact also explains that for h-good polynomials one can say 
very little about the special fibers. E.g. the special fibers of h-good polynomials, in general, 
are not even reduced, as it happens e.g. for f{x,y) = x'^y. For a non-trivial example of a 
h-good polynomial which has non-isolated singularities, see the polynomial fd^a constructed 
by tom Dieck and Petrie, cf. [Dl], p.f75.) 

The second advantage of definition |2.6| is that, in fact, it is almost homological. Indeed, 
for n = 1, / is h-good iff F is connected (by p.2| ); for n > 1 the polynomial / is h-good 
iff F is simply-connected and Hq{Th, F,Z) = for all b and q < n. This second statement 
follows from the next proposition and the relative Hurewicz isomorphism theorem 
(see e.g. [S], p.397). 
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The above examples and comment show that we cannot expect that the h-good polyno- 
mials will share all the properties of the "good" ones. However, the next result will recover 
one of the most important properties. 

2.7. Proposition. Assume that f is a h-good polynomial. Then its generic fiber F has the 
homotopy type of a bouquet of spheres 5" . 

Proof By i?g(C"+\ F) = fox q < n, hence Hq{F) = for g < n - 1. This already 

proves the statement for n = 1. Next, we have to show that 7ri(F) = (1), provided that 
n > 2. The connectivity assumption assures that for each b G Bf, 7ri{F) — > 7ri{Tb) is an 
isomorphism. We denote all these fundamental groups by G. If the cardinality \Bf\ of Bf is 
one, then this implies that 7ri{F) = G is trivial (since in this case, Th ~ C"'"''"'^). If \Bf \ > 1, 
then by van Kampen theorem, applied for Y = Vir(Tfe) (cf. (1)), and induction over \Bf\, 



we get vri(y) = G. But again by ^.1|(1), vri(y) = (1). Since F has the homotopy type of a 



finite n-dimensional CW complex, the result follows by Whitehead theorem. □ 



2.8. Remark. ( |2.7D can be compared with the following classical result of Le [Le]. 

For any projective hypersurface V and a generic hyperplane H , the affine hypersurface 
X = V\H is homotopy equivalent to a bouquet of spheres S^. [For the computation of the 
number of spheres in this bouquet, in terms of the degree of gradient mappings, see [DPp].] 

2.9. Finally, we compare F and F. Since F is a cyclic covering of Mx, and Mx has the 
homotopy type of a finite CW complex of dimension < (n + 1), one has the general fact: 

ffm(F) = for m > n + 1 and ffn+i(F,Z) has no Z-torsion. (2) 

But if / is h-good, we can say more (cf. also with ^^). With a choice of the base points, 
we again embed F into F via the section s. 

2.10. Proposition. If f is h-good then the pair {¥,F) is n-connected. Therefore, F is 
(n — l)-connected, and Sn '■ Hn{F,Z) Hn{¥,Z) is onto. In particular, for n > 1, by 
Hurewicz theorem and the homotopy exact sequence, one has Hn{¥,Z) = 7rn(F) = 7r„(Mx). 



Proof. Notice (cf. ^.1|(1) and the proof of |2.3D that Mx has the homotopy type of a space 



obtained by gluing to Tq along F all the tubes for b G Bf \ {0}. Moreover, p~^{T^' 
has the homotopy type of F, and its embedding into F is homotopically equivalent to the 
embedding s : F ^ ¥. Therefore, by excision: 

Hg{¥,F) = H,[p-\T*^ iTj,)),p~\T^)) = e-,H,{p-\Tj,),p-\F)), 

where b runs over Bf \ {0}. But {p-^m),p-^{F)) = Z x m,F), hence Hg{¥,F) = 
for q < n. Hence, the connectivity follows from this, |2.7| , and the relative Hurewicz 
isomorphism theorem. Finally, the connectivity of F follows from the connectivity of F, cf. 



2.7. □ 



The same proof (but neglecting p), and the Wang exact sequence of Tq , gives: 

2.11. Corollary. // / is h-good, then the pair [Mx^Tq) is n-connected. In particular, 
Hq{Mx-,'Z) = for 1 < q < n. (In fact, by 2.1l\ , the cyclic covering of Mx is (n — 1)- 



connected, hence ■Kq{Mx) = for 1 < q < n as well.) 

For special cases of this connectivity results, see also [Li2] and [LiT]. 
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3. Preliminaries about H^{Mx,'^) 

Let X be a hypersurface in C"^^ and Mx be its complement. The goal of this section is to 
list some properties of the integral homology of Mx, with an extra emphasis on the torsion 
part and the "interesting part" Hn{Mx,'^)- Moreover, we present some constructions which 
generate examples with non-trivial "interesting part" . Additionally, sometimes we compare 
the properties of H^{Mx) with homological properties of hypersurfaces X. 

We start with the case when X is a (generic or special) fiber of a polynomial /. 

3.1. Fact. [LiT] If F is the generic fiber of an arbitrary polynomial f , then Mp has the 
homotopy type of a join \/ S{F), where S{F) denotes the suspension of F. In particular, 

HkiMp) = Hk{S^) (B Hk-i{F) for any k. (1) 



In fact, the result |3.1| (1) holds for any smooth X, as follows from the associated Gysin 
sequence, see [Dl], p. 46. 

The similar result (i.e. the analog of |3.1| (1)) for homotopy groups is definitely false; 
consider for example vri, or (for instance) [S], p. 419, exercise B6, for a reason. 



'6.2. Jiixample. 3.i(l) is false for special fibers, even for very simple polynomials. Let 
/ = Xq + ... + and X = /~^(0). The Wang sequence of the global Milnor fibration 
F Mx — > C* (see [Dl], p. 71-74) and the fact that the corresponding monodromy operator 
T acting on Hn{F,'L) = Z is (— l)""'"^/d, implies the following: 

(i) for n = 2m + 1 odd, H*{Mx) = H*{S^ x 5"). In fact, the monodromy is isotopic to 
the identity and hence we have a diffeomorphism Mx = C* x F. This implies that Mx has 
the homotopy type of x 5" as claimed in [Li2], Remark (1.3); 

(ii) for n = 2m > even, Hn{Mx,'^) = Z/2Z. In particular, Mx is not homotopy 
equivalent to the product x 5" (contrary to the claim in [Li2], Remark (1.3)). 



(3.1) has the following consequence: when X is the generic fiber of a h-good polynomial 



then Hm{Mx ,'^) = for 1 < m < n, and in fact //*(Mx,Z) is torsion free (cf. 2.7). (This 



can be compared with Le's result 2.8, which shows that generically an affine hypersurface 
X has no torsion in homology.) 

More generally, it was shown in [Li2] that when X has isolated singularities including 
at infinity, then Hm{Mx) = for 1 < m < n. The same statement holds for the special 



fiber X of a h-good polynomial by 2.11 (cf. also with [LiT]). Hence, in both cases, the first 
interesting homology group occurs in degree n. 

We describe now three constructions which provide in a systematic way hypersurfaces X 
with i?„(Mx,Z) / 0. 

Below V denotes the projective closure of X and H the hyperplane at infinity. 

3.3. The first construction (using duality). Following [Li2], section 1, we consider the 
isomorphism 

H^{Mx) = /i'2n-m+i^^^ Vr\H) for ah m. (2) 

Assume that V and V r\H have only isolated singularities (this is exactly the condition on 
X to have isolated singularities including at infinity in [Li2]). The exact sequence 

H'^iV) ^ H'^iv nH) ^ H''+\v,vnH) H'^+^V) H''+\VnH) (3) 
and the isomorphism i?"+i(y D H) = i7"+i(P"-i) (cf. [Dl], p.l61) imply the following. 
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Assume that V and V H H have only isolated singularities and that H^~^^{V,'Z) ^ 
H"'~^^ {F"'~^ , Z,) . Then /7„(Mx,Z) ^ 0. In particular, the corresponding affine hypersur- 
face is not the generic fiber of a h-good polynomial. 

3.4. Example. Let V he a cubic surface in having two singularities, one of type Ai and 
the other of type A^. First we take H a generic plane. In this case, using [Dl], p. 165 we 
see that the exact sequence p.3| (3) becomes 

Z ^ Z ^ H2{Mx,T) Z/2Z ^ 

where the first morphism is multiplication by deg{V) = 3. It follows that H2{Mx,'Z) = 
Z/6Z, X is singular and the associated polynomial / is tame. 

Secondly, take H to be any plane passing through the 2 singularities on V. Then the 
associated X is smooth, but by |3.3| , X is not the generic fiber of a good polynomial. 

3.5. The second construction (using finite cyclic coverings and defect). The sec- 
ond approach uses Mx,e, the cyclic covering of Mx of degree e when X = /^^(O) (cf. also 
with [4.4K II) and |4.6| (4)). It is clear that we can take 

Mx,e = {{x,u) E C"+^ X C*\f{x)-u^ = 0}. 

In some cases we can get a useful approximation of Mx,e as follows. Fix a system of positive 
integer weights w = {wq, ...,Wn), and let e be the top degree term in / with respect to w. 
Introduce a new variable t of weight 1 and let f{x,t) be the homogenization of / with 
respect to the weights {w,l). Consider the affine Milnor fiber F' : f{x,t) = 1, which is a 
smooth hypersurface in C"^^. One has an embedding j : Mx.e F' given by 

where * denotes the multiplication associated to the system of weights w. The complement 
F' \j{Mx,e) is characterized by {t = 0}, hence it can be identified with the affine Milnor 
fiber F^ : fe{x) = 1 (considered din C"+^) defined by the top homogeneous component fe 
of /. If fe defines an isolated singularity at the origin, then fe is a good polynomial, Fe is 
(n — l)-connected and the Gysin sequence of the divisor Fe implies the isomorphisms 

: Hk{Mx,e) ^ Hk{F') forl<fc<n + l. (4) 

Note that under this isomorphism the action of the natural generator of the covering trans- 
formation group on Mx,e corresponds to multiplication by exp{—27ri/e) (of all the coordi- 
nates) on F'. Moreover, notice that Hk{Mx^'^ is isomorphic to the group of invariants of 
Hk(Mx,e,'Q.) with respect to this action. 

Notice that the dimension of Hn{F') is closely related to the defect associated with the 
singular points of the projective hypersurface / = considered in P"+^ (for details, see 
e.g. [Dl])- Hence, this construction emphasizes the connection between Hn{Mx) and 
superabundance properties. 

For more information on the homology of Mx,e, see also |4.6| (4) and |5.9| below. 

3.6. Example. Let / : ^ C be given by f{x,y,u,v) = x^ + + xy — — — uv. 
Set X = {f = 0} . Then / is a tame polynomial and X has 10 nodes. It follows from [Dl], 
p. 208-209, (with all the weights Wi = 1) that dim//3(F',C) = 5 and the multiplication by 
exp{—2Tri/3) on F' induces the trivial action on H^{F' , C). It follows that (MmH^{Mx, C) = 
dimi/3(Mx,3,C) = dimi73(F',C) = 5. 
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3.7. The third construction ("counting" the Milnor numbers). For simplicity we 
will assume that / is a (topologically) good polynomial. As above, F is its generic fiber 
and X a special fiber. Assume that X has nx singular points with Milnor fibers Fi and 
Milnor numbers for 1 < i < nx- For each i, let /Lio,i denote the rank of Hn{dFi). Set 
/^x := Ei/^i and no^x ■= I]j/^o,i- Below, Bx means e"Jp 

Finally, let // be the sum of all the Milnor numbers of the singularities of / (situated on 
all the singular fibers). With these notations, one has: 

The groups Hg{Mx) (q = n,n + 1) are inserted in the following commutative diagram: 
^ ®xHn{dFi) ^ ®xHn{Fi) ^ (BxHniFi,dFi) ^ ®xHn-i{dFi) ^ 

^ Hn+l{Mx) ^ Hn{F) ^ ®xHn{Fi,dFi) ^ Hn{Mx) ^ 

where the first two vertical arrows are monomorphisms, the third is the identity, and the 
last one is an epimorphism. In particular: 

fio,x > diuiHniMx) > IJ-X + fJ'0,x - ^• 



Above, the first inequality is not new, and it is not very sharp (cf. e.g. with [GN2] (2.30), 
or with [Si2] (5.4) and §9; it also follows from |5^ (iii) below). 

The second inequality is more interesting, and it can be used in two different ways. First, 
using the integers fix, ^o,x and /i, if the sum of the first two is strictly larger than the 
third, one gets a non- vanishing criteria for Hn{Mx)- For example, in the case 3.6, /i = 16, 
= 1^0, X = 10, hence the second inequality reads as dim Hn{Mx) > 4. 

Similarly, if one knows fix, f^o,x and (l\m.H^{Mx) about the hypersurface X, then these 
numbers may impose serious conditions about singularities of some other singular fibers of 
/ (e.g. about their existence). 



Proof. Assume that X = f~^(h), and let be the interior of Tf,. Clearly, Mx has the 
homotopy type of C"^^ X'^b- F he a fixed generic fiber of / inside of T^. Then one can 
write the homological long exact sequence of the pair (C"^^ \ F, C""*"^ \ T^). Notice that 
Hq := Hg{C"+'^ \ F, C"+i \ r°) equals Hq{Tb \ F, dTb) by excision. Let Bi be a small Milnor 
ball of the i-th singular point of X. Then using the "good" -property of / and excision one 
gets Hq = (BxHq{Bi \ Fi, dBi \ dFi). But this is isomorphic to ®xHq-^i{Fi,dFi) by Gysin 
isomorphism. Use these facts and the Gysin isomorphism Hn{F) Hn+iiMp) to obtain 
the second line of the above diagram. 

Next, assume that the disc Db is sufficiently small with respect to the balls Bi, and 
consider for any ball Bi the local analog of the above picture; namely the homological long 
exact sequence of the pair {Bi \F,Bi\ T^). This homological sequence admits a natural 
map to the previous sequence induced by the inclusion. Finally, this "local sequence" is 
modified by dualities and Gysin isomorphisms. □ 



3.8. Remarks about the torsion part of //„(Mx,Z). In the final part of this section 
we discuss the relations between the existence/non-existence of torsion in the homology of 
X and Mx respectively. The following examples show that these relations are not simple 
even for a homogeneous polynomial /. 
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3.9. Example. Consider the homogeneous polynomial / = x^ip + y^z^ + z^x^ — 2xyz{x + 
y + z) defined on C^. It is known that its Milnor fiber F has torsion in homology, more 
precisely Hi{F,Z) = F2(Mf,Z) = Z/3Z and H2iF,Z) = I? see [LiO], [DNl] and [Si]. Let 
C be the 3-cuspidal quartic in defined by {/ = 0}. It satisfies i?i(p2 \ C,Z) = Z4 and 
i?2(P^ \ C,Z) = (cf. [loc. cit.]). Set X = f~\0). The Gysin sequence of the fibration 
C* ^ Mx ^ ^^\C yields i?i(Mx,Z) = Z, i?2(Mx,Z) = Z/4Z and H^iMx) = 0. In 
conclusion, both Mp and Mx have torsions in H2, but these torsions are different. 



If we put together the examples |3.2| and we see that for a homogeneous polynomial / 



and for X = f ^(0) the only case not covered is the following. 

3.10. Question. Find an example of a homogeneous polynomial f such that Mx has no 
torsion but F has torsion. 

Even in the case when / is a product of linear forms, the existence of such an example is an 
open question. (It is known in this latter case that the hyperplane arrangement complement 
Mx is torsion free, see [OT], and the corresponding Milnor fiber can be identified to a cyclic 
covering of P" \ {/ = 0}, see [CS], [CO]). Notice also, that if we allow / to be a product 
of powers of linear forms, then A. Suciu has examples with torsion in the homology of the 
associated Milnor fiber F. 

The following result gives some conditions on the possible torsions that may arise in such 
a case. 

3.11. Proposition. Assume that for a homogeneous polynomial f of degree d the comple- 
ment Mx has no p-torsion for some prime p and that the p-torsion in a homology group 
Hk{F,Z) has the structure 

Z//1Z e z//2^ © ... © z/Z^z 

with m >1 and ki > k2 > ... > km > 1- Then 
(i) (p — l,d) = 1 implies m > 2 and ki = ^2/ 
(a) {{p — i)p{p + 1), d) = 1 implies m > 3 and ki = k2 = k^. 

Proof. Consider the Wang sequence in homology associated to the fibration F Mx C*. 
The fact that Mx has no p-torsion implies that T — Id is an isomorphism when restricted 
to the p-torsion part. 

To prove (i) note that since such an isomorphism preserves the orders of the elements, 
unless the claim (i) above holds, we get an induced automorphism of Z/pZ, where this latter 
group is regarded as the quotient of the p-torsion part by the subgroup of elements killed 
by multiplication by p^^~^. The same is true for the monodromy transformation T. 

Denote by Tp the induced automorphism of Z/pZ. It follows that Tp is not the identity, 
Tp = Id (since / is homogeneous of degree d) and TpP-' = 1 ( since |^tit(Z/pZ)| =p— 1), a 
contradiction. 

For (ii) use the same argument, plus the equality |^nt((Z/pZ)^)| = (p — l)^p(p-|- 1). □ 

3.12. Remark. Other examples involving torsion in the homology of the special fibers of 
a polynomial can be obtained by suspension, see for details [DN2]. 

4. Alexander Modules 

4.1. Definitions. Let y be a connected CW-complex and ey : tti{Y) ^ Z be an epimor- 
phism. We denote by the Z-cyclic covering associated to the kernel of the morphism 
ey. It follows that a generator of Z acts on Y'^ by a certain covering homeomorphism h 
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and all the groups H^,(Y^, A), H*(Y'^, A) and TTj{Y'^) A for j > 1 become in the usual way 
A/i-modules, where = ^[t, for any ring A. These are called the Alexander modules 
of the pair (Y, ey) or simply of Y when the choice of ey is clear. 

If Z is a second connected CW-complex, ez '■ t^i^Z) — > Z an epimorphism and (p : Y ^ 
Z is a continuous map such that the induced map at the level of vri is an epimorphism 
compatible to the two given epimorphisms ey and ez, then Y'^ ^ Y can be regarded as a 
pull-back covering obtained via (p from the covering Z'^ Z. In particular, this gives a lift 

. yc ^ ^]^[(,]r^ is compatible with the covering transformations, and hence, an induced 
morphism of A^-modules, say cp'; : H^(Y'^,A) H^{Z'^,A). 

If ^ is a field then the ring A^ is a PID. Hence any finite type A^i-module M has a 
decomposition M = A\ (©pMp), where k is the rank of M and the second sum is over all 
the prime elements in A^, and Mp denotes the p-torsion part of M. 

More precisely, for each prime p with Mp 7^ 0, we have a unique decomposition 

Mp = ©i=i,^^AA//' (1) 

for £p > and ki > k2 >■■■■> ki^ > 1. The sequence {ki, k2, k£^) obtained in this way 
will be denoted by K(M,p). One can define an order relation on such sequences by saying 
that 

{ki,....,ka) > {mi,..., nib) 
iff a > 6 and A;,, > rrii for all 1 < i < 6. 

Let Ap(M) = Y[i=i,£pP^' (resp. A(M) = Y[p^p(M)) be the p- Alexander polynomial 
(resp. the Alexander polynomial) of the module M. This latter invariant A(M) is called 
the order of M in [Li2]. See ^i^(l) for a motivation of this terminology. 

With this notation one has the following easy result whose proof is left to the reader. 

4.2. Lemma. Let u : M ^ N be an epimorphism of R-modules, where R is a PID and M is 
of finite type. Then N is of finite type and for any prime p £ R one has K(M, p) > K{N, p) . 
In particular A(A^) divides A(M). 

4.3. Example. For ^ = C, we will simply write A instead of Ac. The prime elements in 
this case are just the linear forms t — a, for a € C*. Moreover, a A-module of the form 
IIq{Y^,C) is of finite type and torsion iff the corresponding Betti number bq(Y^) is finite. 
If this is the case, the (t — a)-torsion part of IIq{Y^,C) is determined (and determines) the 
Jordan block structure of the corresponding automorphism hq] i.e. a Jordan block of size 
m corresponding to the eigenvalue a produces a summand A/(t — a)™". The corresponding 
Alexander polynomial /S.{Hq{Y'^ ,C),hq) is just the characteristic polynomial A{hq) of hq. 

When ^ = Q, the corresponding prime elements are the irreducible polynomials in <Q[t] 
different from t, hence they are a lot more difficult to describe. However, the knowledge of 
the A-module structure implies easily the Ajj-module structure just by grouping together 
the polynomials t — a for those a's having the same minimal polynomial over Q. 

4.4. The Alexander modules of Mx and local systems. Coming back to the situation 
(and notation) of the previous sections, for any hypersurface X we define ex '■ vri(Mx) Z 
as follows. In fact, we will distinguish two cases. 

(I) First, assume that X is an arbitrary hypersurface in C"^^ (and even if X = f~^{0), we 
disregard /). Assume that X has r irreducible components Xi, . . . , X^. Then Hi{Mx,'^) = 
TH" , where the generator (0, . . . , 1, . . . ,0) (1 on the place i, 1 < « < r) corresponds to an 
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elementary oriented circle "around Xi\ For each set of integers m := (mi, . . . ,mr) S 
we define (f)^ : 1/ —* Ijhy (xi, . . . , Xj.) ^ mjXj. If gcdi{mi) = ±1 then 

ex,m : T^i{Mx) ^ Hi{Mx,Z) ^ Z is onto. 

(II) Now, assume that X = f^^(0) for some polynomial /. Then define exj by exj '■= 
/* : Tri{Mx) 7ri(C*). In fact, this is a particular case of (I): if / = 01=1 (where gi 
are irreducible with distinct zero sets) then exj = ex,m for m = (mi, . . . ,771^). 

By a similar argument as in the proof of if the generic fiber F of / is connected then 
exj is onto. Therefore, in the sequel, in all our Alexander-module discussions associated 
with /, we will assume that F is connected. 

Sometimes, we will use the notations (I) resp. (II) to remind the reader about the 
corresponding cases. In both cases (I) and (II), let F := be the Z-cyclic covering 
associated with the kernel of ex (cf. also with §2). Since Mx has the homotopy type of a 
finite CW-complex, it follows that all the associated Alexander modules are of finite type 
over A^ (but in general not over A). 

Moreover, for a complex number a E C*, we consider the rank one local system La on 
Mx defined by the composed map vri (Mx) -^Z^C*, where the last map is defined by 

1-^ a. Obviously, if a = 1, then La = C. 

Then, exactly as in [Li3], we have the following long exact sequence 

... ^ Hk(¥, C) ^ Hk(¥, C) ^ Hk{Mx,La) ^ Hk-i(¥, C) ^ ... (2) 

where the first morphism is multiplication by t — a. 

In the next paragraph we summarize the properties of H^,{Mx,La) and the Alexander 
modules F*(F,C). 

4.5. Theorem, (i) Hm{Mx,La) = for any a G C* and m > n + 1. The Alexander 
modules i?A,.(F) are trivial for k > n + 1 and //„+i(F, C) is free (over A). 

(a) The A-rank 0/ i(F, C) equals dim Hn^i(Mx , La) for any generic a. 

(Hi) For any q <n, the {t — a)-torsion in Hq{¥,C) can be non zero only when a is a root 
of unity. 

(iv) Assume that all the Alexander modules /7fc(F,C) are torsion for k < n + 1. Denote 
by N{a,k) the number of direct summands in the {t — a)-torsion part of Hk{¥,C). Then 
dim Hk{Mx, La) = N{a, k) + N{a, k - 1) fork <n + l and dim Hn+i{Mx, La) = N{a,n) + 
\xiMx)\. 

Moreover, if either 

(I) X has only isolated singularities including at infinity, or 

(II) X is the fiber of a h-good polynomial, 
then 

(v) IIk{¥) = for k < n, and //„(F, C) is a A-torsion module. Moreover, one has the 
isomorphisms of the Alexander Az-modules 7r„(Mx) = vr„(F) = //„(F, Z). 



Proof. For (i) and the first part of (ii) see |2.9| (2); for (ii) use the exact sequence [1.4| (2) and 
the fact that multiplication by t — a is injective, provided that a is generic. The vanishing 



of {t — a)-torsion for a non root of unity follows from 5.4 (iv) below, (iv) is straightforward, 
if we notice that xi^x^La) = xi^x) for any local system Lq. Claim (v) in case (I) for 
m = (1, . . . ,1) is due to Libgober, see [Li2], Theorem 4.3; the case of arbitrary m follows 



similarly. The case (II) is a consequence of p. 10 . □ 
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4.6. Remarks. (1) Under the assumption (I) and (II) in |4.5| , if Hn{¥,Z) is Z-torsion free, 
then it has a finite rank over Z and the associated Alexander polynomial A(ff„(F,Z)) 



is the characteristic polynomial A{hn) as in 4.2. It follows that Hn{Mx:'^) is finite iff 
A(/i„)(l) / 0. Moreover, if iI„(Mx,Z) is finite then its order is exactly [A(/i„)(l)|. 

However, we do not know whether (I) or (II) in |4.5| imply that i?„(F,Z) is Z-torsion free. 



(2) The proof of 4.5 is topological in both cases (I) and (II). It follows that the same proof 



can be applied to coefficients in a finite field K, as soon as \K\ is large enough. Therefore, 



Theorem 4.5 also holds in such a case (of course without any reference to roots of unity). 



(3) Notice that 4^(iv) is not true without the assumption about F. In other words, it is 
not true that for a generic a S C* one has Hm{Mx, La) = for m 7^ n + 1. Indeed, consider 
a polynomial function / : C"""*"^ — > C as a function C^+'^+f' — > C independent of the last 
/j- variables and denote by M'^ the corresponding complement. Then = Mx x C'^. In 
particular, if / is chosen such that Hn+i{Mx,La) 7^ for any generic a (i.e. xi^x) 0), 
we get counter-examples to the above claim. 



(4) Additionally to the exact sequence 4^(2) one has two more (both valid over Z). First 



notice that the Z-covering F Mx homotopically can be identified with the inclusion of 
the fiber into the total space of a fibration Mx K{Z, 1) = (with fiber F). Hence, the 
(homotopy) Wang exact sequence of the covering F Mx gives: 

... ^ Ffc(F,Z) ^ Hk{¥,Z) ^ Hk{Mx,Z) ^ Hk-i{¥,Z) ^ ... 

where the first morphism is multiplication by t — 1. 

Moreover, let Mx,e (e > 0) be the cyclic covering of Mx of degree e (i.e. the covering 
classified by the subgroup e^^{eZ)). If Z denotes the transformation group of F above Mx, 
then F is a Z-covering of Mx,e with transformation group eZ. Hence, we have an exact 
sequence 

... ^ Ffc(F,Z) ^ Ffe(F,Z) ^ Hk{Mx,e,^) ^ Hk-i{¥,Z) ^ ... 

where the first morphism is multiplication by t*^ — 1. It follows that there is a close relation 
between the homology of Mx,e and the structure of the Alexander invariants iffc(F,Z), see 
Example |5.8| below. 

4.7. Example. Assume that / is a weighted homogeneous polynomial with respect to an 
integer set of weights (non necessarily strictly positive) such that d = deg{f) ^ 0. Denote by 
F the associated affine Milnor fiber. Then it is easy to see that F and F are homotopically 
equivalent, and the covering transformation h corresponds to the Milnor monodromy. In 
particular h'l = Id. It follows that N{a,k) = dimker{h^, — aId\Hk{¥,C)) is trivial for 
a*^ 7^ 1. Moreover, in this case, due to the presence of S^-actions, we have xi^x) = 0. 

In the case of a central hyperplane arrangement D. Cohen [C] has shown that for any 
rank one local system L on Mx one has dim HmiMx,L) < dimHmiMx,C) for any m. 

The example of the ^di-singularity f : —>■ C, f = x'^ + y'^ + z'^ , m = 2 and a = —1, 
shows that this inequality is not true for a general homogeneous polynomial. 



5. Relations to Individual Monodromy Operators 

5.1. For the convenience of the reader we recall the present set up. Let / : C""*"^ ^ C be 
a polynomial whose generic fiber F is connected. Let X = /~^(0) be a fixed special fiber, 
Mx its complement and ex = f* ■ iti{Mx) Z the epimorphism whose kernel determines 
the Z-cyclic covering p : ¥ ^ Mx- Fix a generic fiber F C Mx, and a base point * G F 
with p{*) = bo F. Then there is a unique lift (embedding) s : F — > F of p over F with 
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s(6o) = *• Let h be the covering transformation of F corresponding to the generator l^- 
Sometimes we prefer to denote this Alexander A^-module by (i?^<(F), h^). 

Now, fix an orientation of S^, and consider an arbitrary smooth map 'y : —>■ 'C\Bf (we 
can even take 7(1) = 60). Let q : 7~^(/) be the pull back of / by 7. Obviously, q is a 

fiber bundle over with fiber F. The map which covers 7 is denoted by 7 : 7~^(/) Mx, 
hence / o 7 = 7 o g. We can consider the epimorphism : 7ri(7~^(/)) ~^ ^i('S'^) = ^- The 
associated Z-covering has a total space isomorphic to F x M and the covering transformation 
(corresponding to 1^) can be identified with the geometric monodromy of / associated with 
the oriented loop 7. This Alexander A^-module will be denoted by {H^{F),T^^^). 

Next, we connect these two Alexander modules. First, assume that 7^, : Z — > Z (i.e. 
7* : TTi{S^) ^ 7ri(C*)) satisfies 7*(1) = 1- Then by P, 711(7) : T^iil'Hf)) ^ MMx) is 
onto, and ex o 7ri(7) = e^. Therefore, by |4.1| there exists a morphism of A^-modules 

(in the sense that /i,, o 7^ ^ = 7^ ^ o T^^*). 

More generally, assume that 7* : Z ^ Z is multiplication with an integer i (in other 
words, i is the winding number of 7 with respect to 0). Then we can replace Mx by the 
Z/^Z-cyclic covering Mx,\e\ (with projection pr : Mx,\e\ Mx)- By 7 : 7~^(/) Mx 
can be lifted to 7' : 7~^(/) Mx^\e\ (with proj' = 7). Obviously, F is the cyclic covering of 
Mx^\e\ with transformation group £Z, and TTi{'y') is onto. Hence again we obtain a morphism 
of A^-modules 

jl,:{H,{F),T.,,)^iH,{¥),hi) (7) 

(i.e. o 7a * = 7a * ° ^7,*- Above, if ^ = then Mx^\e\ is obviously F itself). 

The above constructions can be made compatible with some base points. (Since all the 
spaces are connected, this is not really relevant, the details are left to the interested reader). 

Notice that the target module (/?,, (F) , /i* ) is completely independent of 7. The main 
point is that even the map H^{F) iJ*(F), as a Z-module, is independent of 7. Indeed, 
l~^{fy the homotopy type of F and 7^^ is up to homotopy the same as our fixed 
embedding s : F — > F. The above discussion is summarized in the following theorem. 

5.2. Theorem. Assume that the generic fiber F of f is connected, and G Bf. Fix an 
embedding s : F ^ ¥ as above. Let j : —>■ C \ Bf be a smooth loop. Assume that 
7* : 7ri(S'^) — > 7ri(C*) is multiplication by I = ^(7). Then s^ : H^,{F) H^{¥) is compatible 
with the Alexander Az-module structures in the sense that o = hi o s^,. 

One has the following immediate consequence. 

5.3. Corollary. Assume that two loops 7, 7' : S"^ — > C \ Bj satisfy ^(7) = ^(7') (i.e. they 
have the same winding number with respect to 0). Then T^^q = Ty^g modulo ker{sq), for 
any q > 0. 

In other words, if the monodromy operators are "very different", then the image of : 
i?*(F) -ff*(F) is forced to be "small". Conversely, the non-vanishing of im{s^:) imposes 
some compatibility restrictions on the monodromy operators. For a precise reinterpretation 



of 15. 21 and 15. 31, see 6.5 



The above theorem is optimal exactly when Sq is onto in the non-trivial cases q < n. As 



we will see, this is the case e.g. for h-good polynomials (cf. 5^ below). On the other hand, 
we cannot hope that for an arbitrary polynomial / the map Sq : Hq{F) — > Hq{¥) (q < n) 
is onto , since Hq{F,C) is a A-torsion module, but Hq{¥,C) may have a non zero free part. 
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Nevertheless, the next theorem shows that im{s^) is as "large as possible". Below A^^^^it) 
denotes the characteristic polynomial of the monodromy operator T^_^,. 



5.4. Theorem. Assume that F is connected, and G Bf, and s : F ^¥ is fixed as in |5.4 
Let {T^,h^,) be the torsion part of the A-module (-ff*(F, C), /i*). Then: 

(i) im{s^) = %. 

(ii) Therefore, for any loop 7 : C\ Bf with i := £(7) one has the following 
epimorphism of K-modules: 

s, : iH,{F,C),T^,,) ^ {%,hi). 

(Hi) In particular, A{{Hq{M^,C), hg){t) divides A^^q{t) for any q>0 (cf. with \5.3(j . 
(iv) Part (Hi) applied for Tq^^ implies that the [t — a)-torsion of H^{M^,C) is zero if a 
is not a root of unity. 



Proof. Notice that part (i) and |5.1| (7) imply (ii), hence all the others as well. Notice that 
the statement of (i) is independent of the choice of any loop. In order to prove (i), we take 
a special loop, namely the oriented boundary of Dq. Then using the notations and the 



construction of 2.10 , we deduce that H^{¥,F) = (BiH^{'L x (Ti,F)); in particular this is 
a free A-module. Then the result follows from the homological exact sequence of the pair 
(F, F) (considered as a sequence of A-modules). □ 

5.5. Remark. If A4 = (H, h) is a torsion A-module with Alexander polynomial A{H, h){t) 
(i.e., if h acts on H with characteristic polynomial A{H,h){t)), then for any £ > the 
polynomial A{H, h){t) determines A{H, h^){t) as follows. For any polynomial P{t) = W^{t— 
o)'"" (n«GN) write P(t)W :=]!«(*- a^)""- Then A(i?, /i^)(t) = A(iJ, /i)(t)W. 

Now, we will apply our general results for h-good polynomials. The next corollary follows 



directly from 2.10 and 4.2 



5.6. Corollary. Assume that f is a h-good polynomial, € Bf, and take a smooth loop 
7 : — > C \ Bf with i = ^(7). Then there is an epimorphism of Kj^-modules 



Sn ■■ {Hn{F) 

In particular, A{7rn{Mx)){tY^^ divides A^^nif)- 

5.7. The main examples. The monodromy around the origin and at infinity. 

To any polynomial / (and to a distinguished atypical value £ Bf) one can associate two 
distinguished monodromy operators: 

(i) the local monodromy of / at 0, namely Tq^* : //*(F) H:^{F) provided by a loop 
7 going around the bifurcation point on the boundary of a small disc Dq containing no 
other bifurcation points inside (with positive orientation); 

(ii) the monodromy at infinity of /, namely T^o^* '■ H^{F) — > H^(F) provided by a loop 
7 going around the boundary of a large disc Doc containing all the bifurcation points Bf 
inside. 

They provide two (Alexander) A-module structures on H^{F, C) denoted by vl*(/, 0)), re- 
spectively A^{f ,00)). The corresponding Alexander polynomials, or equivalently, the char- 
acteristic polynomials of the monodromy operators Tq^* and Too,*, are denoted by A(To,*) 
resp. A(Too,*). Note that the Alexander module yl*(/, 0) (resp. A*(/, 00)) encodes exactly 
the Jordan structure of Tq,* (resp. Too.*) and that this Jordan structure was studied in 
several papers, e.g. [ACD], [D2], [DNl-2], [DS], [Do], [GNl-3], [Sa]. 
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Obviously, in both cases i = 1. Therefore, 5.4 guarantees that for any / with F connected, 
and for any q > 0, the Alexander polynomial 

A{Hg{M^,C)) divides the characteristic polynomials A(To^g) and A(roo,g). (1) 

This is a generalization of [Li2] (4.3) to arbitrary polynomials and q. Let us explain more 
precisely the relation between this divisibility result (1) and the divisibility results in [Li2]. 
First consider the local monodromy Tq^^. In [Li2], X has only isolated singularities 



including at infinity. In that case only the case g = n is relevant (cf. 4^). It is known that 
by the localization of the monodromy (see e.g. [NN]) one has 

A(To,„)(t) = (t-l)'=-nA.(t), (2) 

where Aj are the characteristic polynomials of the local monodromies associated to the 
isolated singularities on V, and k = bn{F) — ^ deg{Ai). In fact, the singularities at infinity 
(i.e. on y n H) should be treated slightly different, as explained in [Li2], [LiT]. Moreover, 
in general k > 0, and /c = iff Bf = {0}. Note that (1) (for q = n) and (2) give a similar 
result to Theorem (4.3) in [Li2], yielding in addition a precise value for k. 

The discussion for the monodromy at infinity Too,* is more involved. It was shown by 
Neumann and Norbury [NN] that the total space of the fibration (*) / : f^^{Sl) 
for r » (which provides Too,*) can be embedded in a natural way as an open subset of 
g2n+i \^ j-i(o), where 5'^"'"'"^ is a large sphere in C"'~^^. Moreover, it was shown in [NZ] that 
for an M-tame polynomial this fibration (*) is equivalent to the Milnor fibration at infinity 
^ : \ ri(0) ^ S\ m = f{x)/\f{x)\. 

Note that in general S'^'^^^ \ f ^{0) is not the total space of a fibration over the circle, 
or, even when it is, it may happen that the corresponding fiber is not F, see the case of 
semi-tame polynomials in Paunescu-Zaharia [PZ]. 

In [Li2], Libgober considers an infinite cyclic covering Uoo of the knot complement S'^^^^\ 
/~^(0) and takes the associated Alexander module Hn{Uoo,C) as the Alexander module at 
infinity for /. From our discussion above it seems that, in general, one cannot hope to 
identify easily the structure of this module Hn(Uoo,C). However, in the case of M-tame 
polynomials, the module Hn{Uoo, C) is exactly our An{f, oo). 



5.8. Example. Recall the situation described in 3.5. Namely, let / be a polynomial such 
that there exists a system of weights w with the top degree form /g defining an isolated 
singularity at the origin. The monodromy at infinity of such a polynomial coincides to 
the monodromy of the singularity fe = 0, in particular Too,n is semisimple and all the 
eigenvalues are e-roots of unity. It follows that in the second exact sequence in [4.6| (4), for 
k = n, the first morphism is trivial. Hence (for n > 1) 

7r„(Mx) ®C = Hn{¥, C) = F„(Mx,e, C) = F„(T', C) 

are isomorphic A- modules. This results should be compared to Corollary (4.9) in [Li2]. 
As a concrete example, let / : — > C be the tame polynomial considered in Example 



3.6 . The above discussion and|5J(l) gives: 

TTsiMx) ® C = Hs{¥, C) = H3{Mx,3,C) = H^iF', C) = (A/(t - 1))^ 

5.9. Remarks. If one wants to determine the homology groups of Mx, either one needs 
some information about the "tubes" Ti for b £ Bf\{0}, or (using [3^ ) one needs to know the 
behaviour at infinity of X; both rather subtle problems. Therefore, it is rather surprising 
that, in some cases, all these information is carried by only one monodromy operator To„. 
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Here we present the case of h-good polynomials: we describe completely //*(Mx,Z) in 
terms of Tg^^. 

Let Vo C Hn{F,Z) be the subgroup of vanishing cycles at corresponding to a choice of 
a star in C as in [DNl]. It follows as in [loc. cit.\ that the morphism T^ n — Id induces a 
"variation" morphism V : Hn{F,Z) — > Vq and, by restriction to Vo, a morphism Vq : Vq ^ 



Vq. Using the definition of h-good polynomials, the connectivity 2.7 of F, and the Wang 



sequence associated to Tq (cf. also with 2.11D , one can prove the following. 



The homology groups of Mx are trivial except possibly for: 
Case n > 1. 

(i) HoiMx,Z) = Hi{Mx,Z) = Z, 

(ii) Hn+i{Mx,'^) is Z-torsion free of rank bn{F) — rank(y) and 

(iii) HniMx,Z) = coker(y). 
Case n = 1. 

(i') Ho{Mx,Z) = Z, 

(ii') H2{Mx,'^) is Z-torsion free of rank bn{F) — rank(y), 

(iii') Hi{Mx,'^) = coker(y) + Z, a Z-torsion free group of rank equal to the number of 
irreducible components of X. 

Note that for n > 1, Hn{Mx, Z) is a finite group if Vq is injective. This happens exactly 
when, in the notation from |5.7| (2), one has f3Aj(l) 7^ 0. Moreover, the epimorphism 
coker(Vo) coker(l/) implies that the order |i?n(Mx,Z)| divides |n^i(l)l = |coker(Vo)|. 

Let g : C"^^ xC ^ C be the d-suspension of the polynomial /, namely g{x, y) = f{x)—y'^. 
Let Y = g~^{0). Then writing the Gysin sequences in homology associated to a smooth 
divisor D in a complex manifold Z for the pairs {Z,D) = {My,Mx), (C"+^ x C*,Mx,d) 
and resp. {Mx x C* , graph{f)), and comparing the associated morphisms, we get for all 
q > the exact sequence 

^ i/g(Mx,Z) ^ Hg{Mx,d,^) ^ Hg+i{MY,Z) ^ 0. (3.q) 

The exact sequence (3.n + 1) is split since the last group in it is free according to (ii) above. 
The exact sequence (3.n) is not split, as can be seen in the case n = l,f = X1X2, d = 3 
when we get — > Z^ ^ Z^ ^ Z/3Z — > 0. This example shows the difficulty of the question 



3.1c. 



Finally, assume that n > 1 and Y\ - Ai{a ) ^ for a = exp{2'Ki/d) and for any k G 7^ (cf. 



5/7(2)). Then one has: 

(a) all the groups Hn{Mx,'7), Hn{Mx,d-,'^) and -f/'„+i(My , Z) are finite; and 

(b) the order \Hn{Mx4^'^)\ divides the product ini<fc<(inj 

The proof of these claims follows from the exact sequence (3.q) and the property (iii) 
above once we know how to compute the variation associated to the special fiber Y . This, 
in turn, is explained in [DN2]. Note that the claim (b) is similar to Theorem 3 in [LiO]. 



6. Relations to Monodromy Representation 

6.1. The results of the previous section already suggest (see e.g. |5.3| ) that one can obtain 
finer results about the Alexander modules if one takes the whole monodromy representation 
instead of individual monodromy operators. The main message of this section is that from 
the monodromy representation of / one can construct a universal Alexander module which, 
in some sense, dominates all the Alexander modules associated with (all) the fibers of /. 



17 



Since the case of h-good polynomials with all the involved numerical invariants (cf. |6.2| 
and |6.3| ) represents a special interest, we start our detailed discussion with this case. But, 
thanks to the general results of the previous sections, the next constructions and factoriza- 
tion phenomenon described in the h-good polynomial case, can be repeated word by word 
in the general case. The general result will be formulated at the end of the section in |6.9| . 

We start with a h-good polynomial. With the notation of §2, let S = C\ Bj, E = 
f~^{S) and g = \Bf\. Then the locally trivial fibration f : E ^ S induces a monodromy 
representation p : G ^ Aut{TC), where G = iri{S, bo) is a free group on g generators, bo £ S 
is a base point, and TL = Hn{F,Z) with F = f~^{bo). For each b £ Bf write Fj, = f~^{b). 
Let 7i denote an elementary loop around bi G Bj and rrii = p{'^i) be the corresponding 
monodromy operators. With a natural choice for {7j}i one has mi • m2 • ... • rUg = Too,n, see 
[DNl]. 

For any //-module of a group H, we denote hy Mh the group of coinvariants, namely 
the quotient of A4 by the subgroup spanned by all elements h ■ m — m for h £ H and 
m £ Ai, see Brown [Br]. We denote by b'f.{Y) the C-dimension of the fc^'^-cohomology space 
H^{Y, C) of Y with compact supports. 

We start by recalling how the G-module 7i determines the homology of the space E. 

6.2. Proposition. The reduced homology groups Hk{E,'L) are trivial except at most for 
k = 1, k = n and k = n + 1. For these values of k one has the following. 

(i) For n = 1 one has H2{E, Z) = Hi{G, TC) and an exact sequence of groups 

In particular, TCg is a free Z-module with rank(7-^G') = J2beBf(^i^b) — 1), where n(Y) 
denotes the number of irreducible components of a curve Y . 

(ii) Forn> I one has Hi{E,Z) = , Hn{E,Z) = Ho{G,7i) = Tic and Hn+i{E,Z) = 
Hi{G,n). In particular, rank(7^G) = Y^baBf K+ii^b) = J2beBf &n+i(7fe, STfo). 

Proof. The result follows from the Leray spectral sequence in homology of the fibration 
F ^ E ^ S and basic facts on group homology, see Brown [Br]. The claim about the rank 
of Hg follows from the long exact sequence 

... ^ H^{E) ^ F,*--(C"+i) ^ (UFfc) ^ H^^\E) ^ ... 

Let H = [G, G] = G' be the commutator of G and S" — > S be the corresponding covering 
space. Let f':E'^ S' be the fibration (with fiber F) obtained from the fibration f : E ^ S 
by pull-back. Then the monodromy of the fibration /' corresponds exactly to the //-module 
Ti obtained by restriction of p to H. On the other hand, we can regard E' ^ E as being 
the covering space corresponding to the kernel of the composition ■ki{E) — > 'ni{S) = G — >• 
G/H = — > 0. It follows that the deck transformation group oi E' ^ E is and hence 
we can regard IIn{E',R) as a A^^g-module, where A^^^^ = /?[Z^] is a Laurent polynomial 
ring in g indeterminates ti, ...,tg. As before, when /? = C we simply write A^. 

To state the result similar to for the fibration f':E'^S', note that S" = M for g = 1 
and S' is homotopy equivalent to a bouquet of infinitely many S^'s for g > 1. 

6.3. Proposition. The reduced homology groups Hk[E' ^Z) are trivial except at most for 
k = \, k = n and k = n + 1. For these values of k one has the following. 

(i) For n = 1 one has //2(£",Z) = Hi{H,Ti) and an exact sequence of groups 

O^Hh ^ Hi{E', Z) ^ Hi{H, Z) ^ 0. 
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(ii) Forn>l one has Hi{E',Z) = for g = I and Hi{E',Z) = Hi{H,Z) for g > I, 
Hr,iE',Z) = Ho{H,n) = Hh and i/„+i(^',Z) = H^iH,n). 

Using the description of the K{H,1) and of the associated chain complex given in [Li4], 
(1.2.2.1), it follows that Hi{H,Z) = G'/G" is a submodule of A|_^ and hence Hi{H,Z) 



is Az,g-torsion free. This implies that in both cases (i) and (ii) in 6.3, we have Tin = 
ToTs{HniE',Z)) (as a A^^^-module). 

In the sequel we denote the A^^g-module Tin by M{f), and we call it the global Alexander 
module of the polynomial f. 

6.4. Remark. The global Alexander module of the polynomial / can be regarded as a 
commutative version of the monodromy representation p. Notice also that using Brown 
[Br], Exercise 3, p. 35, it follows that M{f)z9 = Hg- 

Assume now that G Bf. We will construct a new A^-module M(/, 0) out of the 
monodromy representation. The inclusion 5 — s- C* at 7ri-level gives rise to a projection 
Pq : G ^ Z. Let Kq denote the kernel of this projection. Then H C Kq and hence we have 
a tower of covering spaces S' S. Let E^ be the fibration induced from E —> S 

by pull-back. In this way we get a second tower of covering spaces, namely E' E° ^ E. 



We have, exactly as in the proof of 6.1, the following isomorphisms of A- modules: 

Tors{Hn{E'>,Z)) = Hko = {nH)K,/H- 

Here Kq/ H = Z^~^ with generators corresponding to elementary loops in C around points 
in Bf different from 0. Moreover the Z = G / KQ-a,ciion on Tois{Hn{E^ ,Z)) is induced by 
the monodromy operator To^„. 

We denote this Ag-module Tixa by M(f,0), and we call it the local Alexander module of 
f at 0. (Clearly, similar local Alexander module can be defined for any b € Bf.) 

The above isomorphisms show that the local Alexander module M{f, 0) of / at can be 
computed from the global Alexander module M{f) of /. In this sense, the module M{f) 
is universal, i.e. contains all the information about the local Alexander modules associated 
to all the special fibers of /. 

The usefulness of this new Alexander module comes from the fact that it can be calculated 
using the monodromy representation and gives another approximation for the Alexander 



module 7r„(Mx) = Hn{¥, Z). Before we formulate this statement, let us reinterpret |5.2| and 



5.3 



6.5. Theorem |5.2| revisited. Let us explain the meaning of ^.2| in the language of the 
present section. Clearly, TC = Hn{F,Z) is a G-module, and i7„(F,Z) has a cyclic action 
generated by The map pQ : G ^ Z can be identified with [7] 1-^ ^(7) considered in |5.2|. 



Therefore, if we consider both 7i and -ffn(I^) Z) as G-modules (the last one via po); then 5.2 
says that Sn is a morphism of G-modules. 

In other words, the complicated monodromy representation (i.e. the G-module Ti), when 
it is mapped via Syi into H^iiW^Z)^ it is collapsed into a modest cyclic action. Since the 
action in the target is abelian, this already shows that s„ : — > Hn(¥, Z) has a factorization 
through nH = M{f). 

Notice that Kq = ker(po) constitutes of loops (with base points) 7 with = 0. Corol- 
lary ^3] applied for such a loop 7 and for the trivial loop guarantees that p{^)m—m G ker(s„) 
for any m. In particular, Sn'-'H ^ Hn(¥,Z) has the following factorization of G-modules: 

n^nH^nKo^Hn{¥,z). (i) 
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6.6. Corollary. Assume that f : C^~^^ — ( 
-ff„(F, Z) induces an epimorphism M(/, 0) 



is a h-good polynomial. Then s„, : Hn{F, Z) 
^ 7r„(Mx) of Az-modules. 



Proof. Since Sn is epimorphism (cf. ^^), the result follows from (1) above. □ 

6.7. Remark. Notice that any 7 with ^(7) = +1 induces the same operator 7j([7]) acting 
on Hko'i and this operator is the positive generator of the cyclic action on Hko- E.g., 
one can take Tg^n, or Too,n as well, depending which one is easier to compute. We write 
M(/, 0) = {li-KQiTo^n)- Then, for an arbitrary [7] G G with i := ^(7) =Po([7]) one has the 
A^-module epimorphisms: 

(//„(F,Z),p(7)) ^ [Hk.A ^ MMx)Mn)- 

Evidently, this provides the divisibilities of the corresponding Alexander (or characteristic) 
polynomials. 



6.8. Example. Assume we are in the situation of Example |3.2| with n > even. Then it 
is easy to see that Hg = Z/2Z and H = rLH = M{f) = M{f, 0) = 7r„(Mx) = Az/(t - 1). 



Using the general result 5.2 and 5.4, one can verify easily that the above factorization 
(1) is valid for arbitrary polynomials as well. 

6.9. Theorem. Let f be an arbitrary polynomial with F connected. For any q > 0, con- 
sider Tiq := Hq{F, Z) as a G = vri(5, bQ)-module provided by the monodromy representation. 
Define the global Alexander Az^g-module by {T~Lq)H, o^nd the local Alexander module associ- 
ated with the bifurcation point € Bf by {7iq)K^. If we consider Hq(¥,7j) as a G-module 
viapQ, then Sg : TCg Hq{¥,'L) has the following factorization of G -modules: 

Sq-.Hq^ {Hq)H ^ (Wg)/<o ^ HqiW.Z). 

If one tensor this tower by C, then the last term Hq{¥,C) can be replaces by Tq, being the 
image of Sq. 

7. An Example 

Let / : — > C be the polynomial f = x + x^y^ + x^y^. Then = {61, ^2} with 
hi = —27/16 and 62 = 0. The fiber Ffej is irreducible, has a node as a singularity and is 
regular at infinity. On the other hand, the fiber Fq = i^^j is smooth, has two irreducible 
components, one a copy of C the other C \ {0, —1}, and has a singularity at infinity with a 
Milnor number equal to 3. It follows that bi{F) = 4 and the Jordan normal form for the 
monodromy operators mi,m2 and Too was obtained in [BM]: 
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1 
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Too ~ 
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1 













V 




^0 








f) 












1/ 



mi 



with j = exp(27ri/3). 

Let 5 : — > C be given hy g = u + u^v. Then Bg = {0}, the generic fiber is homo- 
topy equivalent to and the corresponding monodromy m is the identity. Consider the 
polynomial /i : — > C given by y, u, v) = f{x, y) + g{u, v). 

It follows from [DN2] that Bh C Bf. Notice that / and g are not good, but both are 
h-good. The fact that h is also a h-good polynomial follows from [DN2], Corollary (4.4), 
which basically says that the "Thom-Sebastiani sum" of two h-good polynomials is h-good. 
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Our goal is to determine the various Alexander modules associated with h and to its 
special fibers. Since the information we have on the monodromy representation of / is over 
C, we choose this coefficient ring. 

The generic fiber of h is the join {\J/iS^) * S^, hence it is V4S''^. Since m = Id, [DN2] 
guarantees that the monodromy representation of h can be identified to that of /. Using 
the above Jordan forms: 

^3(/i, hi) = A/{t - 1) e A/{t - 1) e A/{t - if. (1) 



Asih, 0) = A/it - 1) A/{t -1)0 A/it - j) A/it - f); 



(2) 



Asih, oo) = A/it -1)0 A/it -1)0 A/it + 1) 



2. 



(3) 



Now, we consider the space Mx corresponding to the two special fibers. First, let X = 
/i~^(0). Then X is smooth and applying Theorem (4.7), (ii) in [DN2], we get that X has 
the homotopy type of V 5"^ V S^. It follows that baiMx) = b2iX) = 1. Using |?^(1) and 

hence: 



0|(iv) one has iV(l,3) = 1 

TTsiMx] 



.C = F3(F,C) = /73(Mi,C) = A/(t-l). 



(4) 



Next, let X = h'^bi). Note that X is again smooth but we can no longer apply Theorem 
(4.7) in [DN2] since Ff,^ is not smooth. Using the equality xi^) = Xci^) we get 6§(X) — 
bliX) = 3. Moreover, it is known that b'^iX) = dimcoker(mi — 1) = 3, see [ACD] or [DNl]. 
It follows that bliX) = 0. The exact sequence 

... ^ H^iMx) ^ H^iC+^) ^ H^^iX) ^ H^+\Mx) ^ ... 

and duality for Mx imply that 63 (Mx) = bUX) = 0. Moreover, from (1) follows that only 
it — l)-torsion is possible. Hence, via [4.5K iv), 63 (Mx) = implies that 

7r3(Mx)0C = F3(F,C) = F3(M^,C) = O. (5) 

Our next aim is to compute the global Alexander module M(/i). This is done by using the 
partial information we have on the monodromy representation p : G ^ AutiTl), where G is 
a free group on two generators, and Ti. is the third homology of the generic fiber of h with 
C coefficients (i.e., to simplify notation, we denote by Tl the complexification Ti C). In 
terms of a special basis ei, 62, 63, 64 for 7i as in [DNl], (2.5), we can write the monodromy 
operators mi and m2 of h in the form 






mi 



/I 






b 



1 





7712 



1/ 



/I 

a 








given above implies 
: 1 and then /? and 7 



Checking that mim2 is conjugate to the Jordan normal form for 
aa = and be 7^ 0. By an obvious change of base we may take b = c 
are determined by the equations /3 + 7 = —1, /3j + 7^^ = 2. 

= mim2m^^m^^. Then G E H and a direct computation shows that 
= — (ae2 + Pes + 764). Let Hq be the vector subspace in TC spanned by 
all the vectors /i(f ) — v for h ^ H and v TC. It follows that 

(i) vi G Hq and 

(ii) Ho is a G-invariant subspace of TC (this property being always true). 
It follows that we have to discuss two cases. 



Let G = [mi, 1712 
VI = iG-Id)iei) -- 
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Case 1. (a ^ 0) Then the vectors vi, m2fi and m^vi span the same subspace in H 
as the vectors 62,63,64. Moreover rn-iCs = ci + 63 € Ti.Q. Therefore 7i = TCq and hence 
Tin = Ti-fHo = 0. But this is a contradiction since we have epimorphisms M{h) = TLh 
M{h,0) H3{M^,C) =A/{t-l) by U and (4) above. 

Case 2. (a = 0) As above one shows that Hq is spanned by ei, 63, 64 and hence Tin = C 
with a trivial Z^-action. This imphes the following. 

7.1. Proposition. For the polynomial /i : ^ C described above one has the following 
Alexander modules. 

(i) For the fiber X = /i^^O) one has tt3{Mx) 0C = H3{M^,C) = M{f, 0) = A/{t - 1). 
(a) For the fiber Y = one has tt3{My) «) C = H3{M§.,C) = 0. Moreover in this 

case M{f, bi) = A/{t - 1) / H^iM^X) = 0. 

(Hi) The global Alexander module M{h) is isomorphic to A2/(ti — l,t2 — !)• 

Note that: 

(i) we succeeded to determine the above data in spite of the fact that the monodromy 
representation of h (over C) is not completely determined (the value of a is unknown); 

(ii) in the case of we have M{h,bi) ^ HslMyjC), in particular we cannot expect 
isomorphism in 3^. Nevertheless, the approximation of H^lMyjC) = given by M{h,bi) 



is better than that given by A3{h, bi) since dime M{h, 61) = 1 while dime ^3(/i, 61) = 4. 
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